Wecken's theorem for periodic points in dimension at least 3  by Jezierski, Jerzy
Topology and its Applications 153 (2006) 1825–1837
www.elsevier.com/locate/topol
Wecken’s theorem for periodic points
in dimension at least 3 ✩
Jerzy Jezierski
Institut of Applied Mathematics, University of Agriculture, Nowoursynowska 159, Warszawa 02757, Poland
Received 13 June 2005
Abstract
Boju Jiang introduced a homotopy invariant NFn(f ), for a natural number n, which is a lower
bound for the cardinality of periodic points, of period n, of a self-map of a compact polyhedron.
In [J. Jezierski, Wecken theorem for periodic points, Topology 42 (5) (2003) 1101–1124] and
[J. Jezierski, Wecken theorem for fixed and periodic points, in: Handbook of Topological Fixed Point
Theory, Kluwer Academic, Dordrecht, 2005] we prove that any self-map of a compact PL-manifold
f :M → M (dimM  3) is homotopic to a map g satisfying # Fix(gn) = NFn(f ) i.e. NFn(f ) is the
best such homotopy invariant. Here we give an alternative, simpler proof of these results.
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1. Introduction
In the 1920s Jakob Nielsen introduced a homotopy invariant estimating the number of
fixed points of a map f :X → X of a surface [10,7]. This number, today called the Nielsen
number and denoted N(f ), was later generalized to finite polyhedra and ANRs. In 1942
F. Wecken proved that N(f ) is the best such lower bound in the case of self-maps of
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Wecken Theorem is not valid in dimension 2.
In [7] the Nielsen number was modified to a homotopy invariant estimating the number
of periodic points. For a self-map of a polyhedron f :X → X and a fixed natural number n,
a nonnegative integer NFn(f ) was constructed. This number is a homotopy invariant and
# Fix(f n)  NFn(f ). It was conjectured that NFn(f ) is the best such lower bound (see
Theorem 4.14, p. 71 of [7]). In [4] we prove that the analog of Wecken Theorem holds for
self-maps of PL-manifolds of dimension  4 and in [6] of dimension  3. The aim of the
present paper is to give a simpler proof of these results. We adapt the method of the paper
of Boju Jiang [8] to the periodic case. We prove several Procedures and then the proof turns
out to be an algorithm using these Procedures. This eliminates the Coalescing Procedure,
introduced in [4,6], whose proof was long and contained many geometrical tricks hard to
present in written form.
There is another direction in estimating the number of periodic points. In 1978 Ben-
jamin Halpern proved that each self-map of a torus is homotopic to a map with the finite
number of periodic points of all (!) periods iff the sequence of Lefschetz numbers (L(f n))
is bounded. This result was later generalized by E. Keppelmann to self-maps of nilmani-
folds and some solvmanifolds. However this nice result is proved only for a narrow class
of spaces. It would be very interesting to extend the domain of its validity. This would
probably require quite new ideas, different than these of the present papers which are only
efficient for a prescribed period.
2. Reidemeister classes
We recall briefly some definitions. For the details see [7]. Let f :X → X be a self-
map of a compact ANR. We define the Nielsen relation on the fixed point set Fix(f ).
The points x, y ∈ Fix(f ) are Nielsen related if there is a path ω from x to y such that
f (ω) is homotopic to ω by a homotopy keeping the end points fixed. This relation divides
Fix(f ) into a finite number of Nielsen classes. We denote the quotient set by N (f ). On
the other hand we consider the action of the fundamental group π1(X,x0) on itself defined
as follows. Choosing a path γ from x0 to f (x0), the action is defined by
α ◦ω = αωγf−1(α)γ−1.
The quotient set is called the set of Reidemeister classes and denoted R(f ). There is
a natural inclusion i :N (f ) →R(f ) defined as follows. For a fixed point x ∈ Fix(f ) we
choose a path η from the base point x0 to x. Then ηf (η−1)γ−1 is a path representing an
element in π1(X;x0). For A ∈N (f ), the Nielsen class containing x, we define i(A) to be
the Reidemeister class represented by ηf (η−1)γ−1, i.e., i(A) = [ηf (η−1)γ−1].
The natural inclusion Fix(f ) ⊂ Fix(f k) induces the mapN (f ) →N (f k). On the other
hand we have a map j :R(f ) →R(f k) given by
j [α] = [αγf (αγ ) · · ·f k−2(αγ )f k−1(α)(γf (γ ) · · ·f k−2(γ ))−1].
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N (f )
i
N (f k)
i
R(f ) j R(f k)
Let f :M → M be a self-map of an m-dimensional PL manifold and let l|k. Let us
notice that the formula R(f k)  [α] → [f α] ∈ R(f k) defines a map whose k-iterate is
the identity hence it defines an action of Zk on R(f k). Its orbits will be called orbits of
Reidemeister classes. The set of these orbits is denoted OR(f k).
Let jkl :R(f l) → R(f k) denote the induced map of Reidemeister sets. Since f k =
(f l)
k
l we have a commutative diagram
R(f l) jkl R(f k)
R(f l) jkl R(f k)
where vertical arrows denote the natural actions of the groups Zl and Zk respectively. This
gives the induced maps between the orbit sets of these actions j¯kl :OR(f l) →OR(f k).
We define the depth of an orbit A ∈OR(f k) as the smallest number l such that A belongs
to the image of j¯kl . Then we write d(A) = l. We say that A ∈ OR(f l) precedes B ∈
OR(f k) if l divides k and jkl(A) = B .
We consider the disjoint sum ⋃k|nOR(f k). For any subset A ⊂ ⋃k|nOR(f k) we
define d(A) =∑A∈A d(A). An orbit of Reidemeister classes A ∈OR(f k) is called irre-
ducible iff d(A) = k, i.e., A is not preceded by any other orbit of smaller depth. An orbit
of Reidemeister classes is called essential iff the index of the orbit of Nielsen classes cor-
responding to it is not zero. Notice that an essential orbit A contains at least d(A) points.
Definition 2.1. A subset A⊂⋃k|nOR(f k) (disjoint sum) is called a preceding system if
any essential orbit A ∈OR(f k)(k|n) is preceded by an element from A, i.e., A = jkl(B)
for some B ∈A∩OR(f l).
Remark 2.2. Any preceding system contains all essential irreducible orbits.
Definition 2.3. A preceding systemA is called minimal if the number d(A) =∑A∈A d(A)
is minimal.
We denote this minimal number by NFn(f ). It is proved in [7] (see the proof of The-
orem 4.12 on page 70) that this number is a lower bound for the cardinality of the set of
n-periodic points.
Theorem 2.4. [7]
# Fix
(
f n
)
 NFn(f ).
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homotopy class.
Theorem 2.5. If dimM  3 then f is homotopic to a map g satisfying
# Fix
(
gn
)= NFn(f ).
3. Procedures
In 1981 [8] Boju Jiang gave an elegant proof of the Wecken theorem for smooth maps
of compact smooth manifolds (of dimension  3). He introduced Canceling and Creating
Procedures whose proofs are based on the Whitney lemma. The use of these procedures
made the proof short and transparent. We will adopt this method to the periodic case for
continuous functions on PL manifolds. We will introduce similar procedures and then we
will recall some results of Dold [2] and Babenko and Bogatyi [1]. This will allow us to
formulate an algorithm, that uses these procedures to reduce the number of periodic points
to the minimal one. In fact such procedures were already given in [3,4]. Here we will need
to reformulate some of them and on the other hand the present method allow us to avoid
the Coalescing Procedure from [4] whose proof was very long.
Theorem 3.1 (Cancelling Procedure [5]). Let f :M → M be a map with Fix(f k) finite
(dimM  3). Assume that
(1) {x0, . . . , xk−1}, {y0, . . . , yk−1} are disjoint orbits of length k which are Nielsen related
i.e. there is a path ω : [−1,+1] → M from f (−1) = x0 to f (+1) = y0 such that f kω
and ω are fixed end point homotopic.
(2) f is a PL-homeomorphism near each point from {x0, . . . , xk−1;y0, . . . , yk−1}.
(3) ind(f k;x0)+ ind(f k;y0) = 0.
Then there is a homotopy {ft } starting from f0 = f constant in a neighbourhood of
Fix(f k) \ {x0, . . . , xk−1;y0, . . . , yk−1} and satisfying
Fix
(
f k1
)= Fix(f k) \ {x0, . . . , xk−1;y0, . . . , yk−1}.
Theorem 3.2 (Addition Procedure (compare [4])). Given numbers k,n ∈ N, k|n, a map
f :M → M such that Fix(f n) is finite and a point x0 /∈ Fix(f n). Assume moreover that
dimM  3. Then there is a homotopy {ft }0t2 satisfying
(1) f0 = f ,
(2) {ft } is constant in a neighbourhood of Fix(f n),
(3) f k2 (x0) = x0 and f i2 (x0) = x0 for i = 1, . . . , k − 1,
(4) Fix(f n2 ) = Fix(f n)∪ {x0, . . . , xk−1},
(5) the points {x0, . . . , xk−1} represent an arbitrarily prescribed orbit of Reidemeister
classes in OR(f1).
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x0, f (x0), . . . , f 2n(x0) are different. In fact f (x0) = x0, hence after a small change (if
necessary) near x1 = f (x0), we get f (x1) = x0 and f (x1) = x1. We may continue until we
get the points x0, . . . , x2n different. If the deformations are small enough and their carrier
is disjoint from Fix(f n) then no new periodic points appear.
Since the points x0, x1, . . . , xn−1 do not belong to Fix(f n), we may deform f near
them to make f a local homeomorphism there. The deformation may be arbitrarily small,
hence Fix(f n) does not change. Let V0 = Rm be a Euclidean neighbourhood of x0 where
f,f 2, . . . , f n−1 are homeomorphisms. We define Vi = f i(V0) (i = 1, . . . ,2n). For i =
1, . . . , k−1 we get Euclidean neighbourhoods Vi  xi and if V0 is chosen small enough, the
sets V0, . . . ,V2n are mutually disjoint. We may introduce coordinates so that the restriction
of f near xi is given in coordinates by
Vi = Rm  x → x ∈ Rm = Vi+1
for i = 0, . . . , k − 2.
We correct f so that f,f 2, . . . , f n−1 become transverse to xk−1 (i.e. the sets f−1(xk−1)
are finite and f i is a homeomorphism near each point in the preimage, for i = 1, . . . , k−1).
The deformation may be arbitrarily small and constant in a neighbourhood of Fix(f n) and
the points x0, . . . , x2n still remain different.
Let us fix a ball neighbourhood U0 = B(x0, r0) ⊂ V0 = Rm. We will denote Ui =
f i(U0) ⊂ Vi . By the above convention Ui = B(xi, r0) ⊂ Vi = Rm for i = 1, . . . , k − 1.
If r0 > 0 is chosen small enough, then Uk−1 is also small and clUk−1 ∪ f−1(clUk−1) ∪
· · · ∪ f−(k−1)(clUk−1) is a finite number of mutually disjoint balls in M : see Corollary 3.3
in [5]. Let us fix a number r1 ∈ (0, r0).
Let ω : [0, r1] → M be a path satisfying
(1) ω(0) = x0, ω(r1) = xk ,
(2) ω avoids (clUk−1 ∪ f−1(clUk−1)∪ · · · ∪ f−(n−1)(clUk−1)) \ clU0,
(3) ω(t) = (λt,0) ∈ clU0 ⊂ R × Rn−1 for 0 t  ε, where λ > 1 and ε > 0 satisfy r1 >
ε = r0
λ
> 0,
(4) ω(t) /∈ clU0 for ε < t  r1.
We define the map f1 :M → M deforming f only inside Uk−1 = B(0, r0) ⊂ Rm:
f1(x) =
{
f (x) for x /∈ Uk−1 = clB(0, r0),
f
( ‖x‖−r1
r0−r1 · x
)
for r1  ‖x‖ r0,
ω(‖x‖) for ‖x‖ r1.
1830 J. Jezierski / Topology and its Applications 153 (2006) 1825–1837We notice that f1 is homotopic to f by a homotopy constant outside Uk−1, hence
Fix(f n) ∩ Uk−1 = ∅ implies Fix(f n) ⊂ Fix(f n1 ). We will show that Fix(f n1 ) ∩ B(0, r0) ={0} (= xk−1 a point of pure period k).
Assume that x = f n1 (x) for r1  ‖x‖ r0, i.e. x belongs to the annulus A(0; r1, r0) ={x ∈ Rn: r1  ‖x‖ r0}. Now
x ∈ f n1
(
A(0; r1, r0)
)= f n−1(f (clB(0, r0)))
= f n(clB(0, r0))= clUn+k−1.
This contradicts the assumption x ∈ Uk−1, since clUk−1 ∩ clUn+k−1 = ∅.
Now we assume that 0 ‖x‖ r1
λn/k
(in Uk−1). Then ‖x‖ r1, so f1(x) = ω(‖x‖) =
(λ‖x‖,0) (in U0), hence ‖f1(x)‖ = λ‖x‖. Since the restriction f k−1 :U0 → Uk−1 is an
isometry in coordinates, ‖f k1 (x)‖ = λ‖x‖  r1λn/k−1  r1 (in Uk−1). We may repeat the
above and get ‖f 2k1 (x)‖ = λ2‖x‖, . . . ,‖f n1 (x)‖ = λn/k‖x‖. Since λ > 1, f n1 (x) = x ⇐⇒
x = 0 ∈ Uk−1 in this case.
Now let r1
λn/k
< ‖x‖ r1 in Uk−1.
Then the inclusion f ik1 ∈ B(0, r1) ⊂ Uk−1 does not hold for all i = 1, . . . , n/k. Let i
be the smallest number for which the inclusion does not hold. Then we have one of the
following two cases:
(1) f ik1 (x) ∈ A(0, r1, r0) ⊂ Uk−1, hence f ik+11 (x) = f1(f ki1 (x)) ⊂ f1(A(0, r1, r0)) =
f (clUk−1) = clUk . Then f ik+21 (x) ∈ f (clUk) = clUk+1 and so on. But the sets
Uk,Uk+1, . . . ,U2n are disjoint from Uk−1, hence f n1 (x) = x ∈ Uk−1.
(2) f ik1 (f ) ∈ ω[ε, r1]. Since i was the smallest number for which the inclusion did
not take place, f (i−1)k1 (x) = (λi−1‖x‖,0) ∈ B(0, r1) ⊂ Uk−1 while f (i−1)k+11 (x) =
ω(λi−1‖x‖,0) = (λi‖x‖,0) /∈ B(0, r1) ⊂ U0. We consider two subcases:
• if f (i−1)k+11 (x) ∈ A(0, r1, r0) ⊂ U0, then f ik1 (x) ∈ A(0, r1, r0) ⊂ Uk−1, hence
f ik+11 (x) ∈ f (A(0, r1, r0)) ⊂ clUk and successively as above f ik+21 (x) ∈ clUk+1
and so on. But these sets are disjoint from clUk−1  x;
• if f (i−1)k+11 (x) /∈ A(0, r1, r0) ⊂ U0. Then it must belong to ω[ε, r1] = ω[0, r1] \U0.
But the last set is disjoint from (Uk−1 ∪ f−1(clUk−1) ∪ · · · ∪ f−(n−1)(clUk−1)),
hence no iteration of this point comes back to Uk−1  x.
Thus the map f1 satisfies (1)–(4). To prove (5) we notice that the path ω : [0, r1] → M
may represent any homotopy class (we require only that it avoids the finite sum of mutually
disjoint balls clUk−1 ∪ f−1(clUk−1) ∪ · · · ∪ f−(k−1)(clUk−1)), hence the new periodic
point may represent any prescribed Reidemeister class inR(f1). 
The next procedure will be crucial in the proof of Wecken’s theorem. We will use it
to create the desired periodic points and then the Cancelling Procedure will remove the
remaining periodic points.
J. Jezierski / Topology and its Applications 153 (2006) 1825–1837 1831Theorem 3.3 ((Creating Procedure) compare [4]). Given numbers k,n ∈ N, k|n a map
f :M → M such that Fix(f n) is finite and a point x0 /∈ Fix(f n), and moreover dimM  3,
then there is a homotopy {ft }0t1 satisfying:
(1) f0 = f .
(2) {ft } is constant in a neighbourhood of Fix(f n).
(3) f k1 (x0) = x0 and f i1 (x0) = x0 for i = 1, . . . , k − 1.
(4) The map f k1 is given near x0 by an arbitrarily prescribed formula φ with the property
φ(x) = x ⇐⇒ x = x0.
(5) The orbit x0, f1(x0), . . . , f k−11 (x0) is isolated in Fix(f n1 ).
(6) All points in Fix(f n1 ) \ Fix(f n) represent the same, arbitrarily prescribed, orbit of
Reidemeister classes in OR(f n1 ).
Proof. Let f = f2 in Theorem 3.2. Then (1)–(3) hold. Let us denote xi = f i(x0). We fix
neighbourhoods Ui  f i(x0) satisfying clUi ∩ clUj = ∅ for 0 i = j  k − 1. We notice
that for a sufficiently small deformation f1 of f , with the carrier in a sufficiently small
neighbourhood V , we have: xk−1 ∈ V ⊂ Uk−1, f i1 (clV ) ⊂ U(i+k−1)mod k , f i1 (x0) = xi , f1
is a homeomorphism near xi (i = 0, . . . , n), hence Fix(f n1 ) ⊂ Fix(f n) ∪ U0 ∪ · · · ∪ Uk−1.
This implies (6). Now a small deformation near xk−1 makes f k(x) = φ(x) near x0 for a
prescribed φ as follows. We denote by W  x0 a neighbourhood such that f k−1 :W →
f k−1(W) is a homeomorphism and clf k−1(W) ⊂ V . We define
f1(x) =
{
φ(f−(k−1)(x)) for x ∈ clf k−1(W),
f (x) outside V,
and we extend it arbitrarily onto clV \ f k−1(W) (by a small deformation). The extension
we obtain satisfies (4). 
4. Dold congruences
In 1981 Albrecht Dold discovered that the fixed point indices (hence the Lefschetz
numbers) of iterations of a self-map must satisfy some congruences. More precisely
Theorem 4.1. [2] Let U be an open subset of an Euclidean Neighbourhood Retract
(ENR) X and let f :U → X be a continuous map. We define inductively U1 = U ,
Uk = f−1(Uk−1) ∩ Uk−1 (k = 1,2, . . .). Then the iterations f k :Uk → X are defined and
we assume that the fixed point sets Fix(f k) = {x ∈ Uk; f k(x) = x} are compact. Then∑
τ⊂P(n)
(−1)|τ | ind(f n:τ )≡ 0 modulo n.
Here P(n) denotes the set of all primes dividing n, τ runs the set of all subsets of P(n),
|τ | = cardinality of τ and n : τ = n(∏p∈τ p)−1 (= n divided by all p ∈ τ).
Let us remark that in the above theorem we could fix a number m ∈ N and to assume
only that the fixed point sets are compact for k dividing m. Then the above congruences
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gruences are proved for each isolated orbit of periodic points. In particular, if f :M → M
is a self-map of a compact manifold and B is an isolated f -invariant subset of Fix(f n) (i.e.
both B , Fix(f n)\B are closed and f (B) ⊂ B) then there is a neighbourhood U ⊃ Fix(f n)
such that U ∩ Fix(f n) = B and for this neighbourhood the assumptions of the Dold the-
orem are satisfied. Thus the numbers ind(f k,B) satisfy the congruences for all k|n. In
particular if B is an orbit of Nielsen classes of f n then the numbers ind(f k;B) satisfy
the Dold congruences for k|n. On the other hand Babenko and Bogatyi proved that any
sequence of numbers satisfying the Dold congruences can be realized in a point.
Theorem 4.2. (See [1, Theorem 3.2].) Let ik be a sequence of integer numbers satisfy-
ing Dold congruences and let n  3 be a fixed natural number. Then there is a self-map
f :Rn → Rn with 0 an isolated fixed point for each f k , such that ind(f k;0) = ik for all
k ∈ N.
Remark 4.3. Suppose that we are given integers {αs ∈ Z}, satisfying Dold congruences,
where s runs the set of all divisors of n/k. Then we may assume in the Creating Procedure
that ind(f sk1 ;x0) = αs . In fact: let φ :Rm → Rm be a self-map having 0 as an isolated
periodic point with ind(φs;0) = αs for every s|n/k. By (5) we may assume that f k1 = φ
near x0 = 0. Now ind(f sk1 ;x0) = ind(φs;0) = αs .
5. Wecken’s theorem for periodic points
To emphasize the main idea of the proof of Theorem 3.1, we prove it first for the simply-
connected case.
5.1. Simply-connected case
In this subsection we assume that the manifold M is simply connected. Then the Nielsen
theory is trivial and Theorem 3.1 becomes
Theorem 5.1. Any self-map f :M → M of a compact connected simply-connected PL-
manifold of dimension  3 is homotopic to a map g such that
Fix
(
gn
)= {∅ if L(f k) = 0 for all k|n,
a point otherwise.
The proof is based on the following consequence of the Cancelling Procedure.
Lemma 5.2. Let M be a simply-connected PL-manifold of dimension 3 and let moreover
(1) B be a finite subset of Fix(f n) which is f -invariant, i.e. f (B) = B ,
(2) Fix(f s) \B be compact,
(3) ind(f s;Fix(f s) \B) = 0 for any s|n.
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and Fix(f n1 ) = B .
Proof. Induction on the divisors of n. For any k|n we prove:
f is homotopic, relatively a neighbourhood of B, to a map gk such that
Fix
(
glk
)⊂ B for all l|n, l  k.
Then f1 = gn satisfies the corollary.
For k = 1. Since B is isolated from Fix(f n)\B , B is also isolated from Fix(f )\B . After
a small homotopy, constant near B , we may assume that Fix(f ) is finite and ind(f ;a) =
±1 at each a ∈ Fix(f )\B . Now ind(f ;Fix(f )\B) = 0 means that Fix(f )\B splits into the
pairs of points with opposite indices. Since the manifold M is simply-connected, any two
paths are homotopic, hence we apply the Cancelling Procedure to these pairs successively
and we remove them all. The map we obtain satisfies Fix(g) ⊂ B .
Now we assume that Fix(f l) ⊂ B for all l|n, l < k. We will remove Fix(f k)\B . We
notice that Fix(f k)\B contains only orbits of length k, with indices ±1 and we may
assume that their number is finite (after a small local deformation if necessary). Since
ind(f k;Fix(f k)\B) = 0, these orbits split into pairs with opposite signs and we may ap-
ply the Cancelling Procedure to remove them all. This ends the inductive step. 
Proof of Theorem 5.1. Let L(f k) = 0 for all k|n. Then putting B = ∅ in Lemma 5.2 we
get a homotopy from f to a map g with Fix(gn) = ∅.
In the general case we make Fix(f n) finite, we fix a point x0 /∈ Fix(f n) and we consider
the sequence αk = ind(f k). Since the Dold congruences are satisfied, we may deform f
near x0 to a map f ′ such that f ′(x0) = x0, x0 is an isolated periodic point of f ′ and
ind(f ′ s;x0) = αs for all s|n.
The carrier of the homotopy may be contained in any prescribed neighbourhood of x0,
hence it may be made disjoint from the compact set Fix(f n). Since the index is homotopy
invariant, new periodic points appear. But then (for any s|n)
αs = ind
(
f s
)= ind(f ′ s)= ind(f ′ s;x0)+ ind(f ′ s;Fix(f ′ s)\x0)
= αs + ind
(
f ′ s;Fix(f ′ s) \ x0)
which implies ind(f ′ s;Fix(f ′ s)\x0) = 0 for all s|n. Now we are in a position to apply
Lemma 5.2 to f = f ′, B = {x0}. This yields a homotopy from f ′ to a map f1 satisfying
Fix(f n1 ) = B = {x0}. 
In the next section we prove the main Theorem 3.1 for the non simply-connected case.
The idea the proof is to apply the above to each orbit of Nielsen classes of f k .
5.2. Non simply-connected case
Lemma 5.3. Let f :M → M , be a map and let n be a fixed natural number. We fix a
minimal preceding system of Reidemeister classes and we denote it MPS. Suppose that f
satisfies:
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meister classes from MPS of depth l which contains only the points {x0, . . . , xl−1}.
Then
# Fix
(
f n
)= NFn(f ).
Proof. Since the inequality  is the basic property of the number NFn(f ), it remains to
show . The above condition gives an injection from the set of orbits of points into the
orbits in MPS. Now
# Fix
(
f n
)=∑
A
#A
∑
B
d(B) = NFn(f )
where A runs through the set of all orbits of points in Fix(f n) and B runs through
MPS. 
Now it remains to show that any self-map of a compact PL-manifold of a dimension
 3 is homotopic to a map satisfying the assumptions of Lemma 5.3.
Lemma 5.4. Suppose that
(1) B ⊂ Fix(f n) is a finite f -invariant subset (i.e. f (B) = B),
(2) Fix(f n)\B is compact,
(3) ind(f s;C\B) = 0 for any s|n and any orbit of Nielsen classes C ⊂ Fix(f s) (or equiv-
alently for any Nielsen class C ⊂ Fix(f s)).
Then there is a homotopy {ft }, starting from f0 = f constant in a neighbourhood of B ,
and such that Fix(f n1 ) = B .
Proof. We prove, by induction for all divisors k of n, the following claim:
Claim. There is a homotopy constant near B from f to a map g such that
Fix
(
gl
)⊂ B for all divisors l of n, l  k.
We notice that since B ⊂ Fix(f n) is f -invariant, then so also is Fix(f n)\B .
Let k = 1. Then ind(f ;C\B) = 0 for each Nielsen class C ⊂ Fix(f ), hence after a
small homotopy we may deform f to make Fix(f )\B finite and ind(f ;a) = ±1 for each
a ∈ Fix(f )\B . Since ind(f ;C\B) = 0, C\B splits into a finite number of pairs of points
with opposite signs. Since the points of each such pair belong to the same Nielsen class,
we may use the Cancelling Procedure (since k = 1, this is the Whitney trick) to remove
such a pair. Applying this to all the Nielsen classes we make Fix(f ) ⊂ B .
Now we assume that our claim holds for all divisors of n which are less than k. We
will deform f , by a homotopy constant near B , to make Fix(f k) ⊂ B . First we notice
that Fix(f k)\B is the sum of orbits of length k and is isolated from B . We may deform
f near Fix(f k)\B and we may assume that this set splits into a finite number of orbits of
points, each of length k. Now we consider an orbit of Nielsen classes C ⊂ Fix(f k). Since
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we may apply the Cancelling Procedure to remove successively each such pair getting
Fix(f k) ⊂ B . The Cancelling Procedure also guarantees that during these deformations
Fix(f l) (for l < k, l|n) do not vary, hence it is still true that Fix(f l) ⊂ B for all l < k and
l|n. This ends the inductive step. 
Proof of Theorem 3.1. It remains to show that f :M → M is homotopic to a map satis-
fying the assumptions of Lemma 5.3. This will be done once we prove inductively, for all
the divisors k of n, the following claim:
Claim. f is homotopic to a map satisfying the assumption of Lemma 5.3 for all l|n, l  k.
Let k = 1. By Wecken’s theorem f is homotopic to a map g where each essential class
contains exactly one fixed point and inessential classes are empty. We notice that essential
classes in R(f ) belong to MPS. If moreover an inessential class belongs to MPS, then we
apply the Creating Procedure (for k = n = 1) to add a fixed point (of zero index) to this
class.
Now we assume that our claim holds for all divisors of n which are less than k. We
will build a homotopy from f to a map satisfying the claim also for k. For each orbit of
Reidemeister classes A ∈OR(f k) we will either remove A ∩ Pk(f ) (if A /∈ MPS) or we
will reduce A to exactly k points (if A ∈ MPS). During these deformations we will not
change
⋃
l|n, l<k Fix(f l); more precisely we may exchange an orbit of points representing
an element in MPS preceding A with another orbit of points having the same number of
elements. After performing the deformations corresponding to all orbits in OR(f k) we
will get the map g satisfying the claim for k. This will end the inductive step.
We consider an orbit A ∈OR(f k).
LetA be irreducible. Then the compact setA is contained in Pk(f ), henceA is disjoint
and isolated from the finite sum
⋃
l|n, l<k Fix(f l).
(1) Let A be irreducible and essential. Then A ∈ MPS. The Creating Procedure
(for k = n) gives a local deformation {ft } from f0 = f to a map f1 where the or-
bit A′ ∈ R(f k1 ), corresponding to A, contains an isolated orbit of points x0, . . . , xk−1
satisfying ind(f k1 ; {x0, . . . , xk−1}) = ind(f k;A). Then ind(f k1 ;A′ \ {x0, . . . , xk−1}) = 0,
hence Lemma 5.4 (for B = Fix(f k1 ) \ A′ ∪ {x0, . . . , xk−1}) allows us to remove A′ \{x0, . . . , xk−1}, and the orbit A′ is reduced to the unique orbit of points {x0, . . . , xk−1}.
(2) Let A be irreducible and inessential. Then as above A ⊂ Pk(f ). Moreover
ind(f k;A) = 0 and f (A) = A, hence Lemma 5.4 allows us to remove the orbit A.
If moreover A ∈ MPS then Theorem 3.2 adds an orbit of points {x0, . . . , xk−1} with
ind(f k; {x0, . . . , xk−1}) = 0.
Now we assume that the orbit A ∈OR(f k) is reducible.
(3) LetA ∈OR(f k) be reducible to an orbit in MPS. Let B1, . . . ,Bh denote all orbits of
Reidemeister classes in MPS preceding A. Then B1 ∪ · · · ∪Bh ⊂A as subsets of Fix(f k).
By the inductive assumption each Bi consists of exactly one orbit of points of length =
depth(Bi ) < k. Moreover A0 = A\(B1 ∪ · · · ∪ Bh) splits into k-orbits. Let us fix one of
these classes: say B1 = {b1, . . . , bl}, l|k, l < k.
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αs = 1/l · ind
(
f sl;A0 ∪B1
)
where s runs the set of all divisors of k/l. We will show that this sequence satisfies
the Dold congruences.
(3b) Since {αs} is a Dold sequence, we may deform f to a map g, by a homotopy constant
near Fix(f k), with an isolated orbit {b′1, . . . , b′l} satisfying ind(gls;b′1) = αs (hence
ind(gls; {b′1, . . . , b′l}) = l · αs).
(3c) We apply Lemma 5.4 to the map g and B = (Fix(f k)\(A0 ∪ {b1, . . . , bl})) ∪ {b′,
. . . , b′l}. Then the map g1 we obtain satisfies
Fix
(
gk1
)= B = (Fix(f k)\(A0 ∪ {b1, . . . , bl}))∪ {b′1, . . . , b′l}
hence the part A0 is removed and the orbit {b1, . . . , bl} is replaced with {b′1, . . . , b′l}.
Thus the map g1 is the desired deformation of f .
The induction step will be finished once we prove that the deformations described above
can be performed.
(3a) We consider the sequence
α′s = 1/l · ind
(
f sl;B1
)
which is a Dold sequence (for s|(k/ l)), since
α′s = 1/l · ind
(
f sl; {b1, . . . , bl}
)= ind(f sl;b1)
and b1 ∈ Fix(f l). We notice that for s < k/l,
αs = 1/l · ind
(
f sl;A0 ∪B1
)= 1/l · ind(f sl;B1)= α′s ,
since A0 contains only orbits of length k. It remains to notice that k/l divides αk/l − α′k/l .
In fact
αk/l − α′k/l = 1/l · ind
(
f k;A0
)
and k divides ind(f k;A0).
(3b) We use the Creating Procedure.
(3c) Now Fix(gk) splits into a mutually disjoint sum
Fix
(
gk
)= Fix(f k)∪ {b′1, . . . , b′l}∪ S
where all summands are closed and open in Fix(gk) and ind(gls;S) = −l · αs . Moreover
we may assume that the points in {b′1, . . . , b′l} ∪ S represent the same orbits of Nielsen
classes as B1 (conclusion (6) in Theorem 3.3).
Let us notice that
Fix
(
gk
)\[A0 ∪B1 ∪ S] = [Fix(f k)\(A0 ∪B1)]∪ {b′1, . . . , b′l}
and let us denote this set by B . We will show that the map g and the subset B ⊂ Fix(gk)
satisfy the assumptions of Lemma 5.4. Once this is shown, Lemma 5.4 allows us to deform
the map g to a map g1 satisfying
Fix
(
gk
)= B = [Fix(f k)\(A0 ∪B1]∪ {b′ , . . . , b′}.1 1 l
J. Jezierski / Topology and its Applications 153 (2006) 1825–1837 1837In other words we remove from Fix(f k) all orbits of points of length k in A ∈R(f k)
and we replace the orbit B1 = {b1, . . . , bl} with {b′1, . . . , b′l}. Thus the extra periodic points
A0 are removed and the inductive step is done.
It remains to show that g and B satisfy the assumptions of Lemma 5.4. The as-
sumptions (1) and (2) hold, since Fix(gk) is finite. To prove (3) we consider the subset
D = Fix(gk)\B = A0 ∪ B1 ∪ S ⊂ Fix(gk). This set is g-invariant (g(D) = D) and all its
points represent the Nielsen classes reducing to B1 ∈R(gl). Thus D ∩ Fix(gr) = ∅ for r
not divisible by l and
ind
(
gls;D)= ind(gls;A0 ∪B1)+ ind(gls;S)
= ind(f ls;A0 ∪B1)+ ind(gls;S)= l · αs − l · αs = 0
(to get the second equality we notice that the homotopy between f and g is constant near
Fix(f k) ⊃ A0 ∪B1).
(4) Now we assume that A is reducible but there is no class in MPS preceding A. Then
A is inessential and moreover each orbit B ∈OR(f l) precedingA is inessential. We apply
Corollary 5.4 to B = Fix(f k)\A, k = n and remove the orbit A.
This ends the inductive step of the proof of the claim. Thus each map is homotopic
to a map satisfying the assumptions of Lemma 5.3, and that map realizes the number
NFn(f ). 
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